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CRACKING STRENGTH AND DEFORMATION OF PARTIALLY PRESTRESSED

CONCRETE MEMBERS WITH ARBITRARY CROSS SECTIONS

Makoto KAWAKAMI®, Hiroshi TOKUDA®, Kesao MIDORTKAWA®® and Toshikazu SHIMIZU®

1. INTRODUCTION

Recently the use of partially prestressed concrete has gradually

increased. Partial prestressing offers better control of cracking,
deflection and camber, and higher ductility, energy absorption and cost
saving than fully reinforced concrete. In order to perform rational

design of partially prestressed concrete members, simple and systematic
stress analysis has been demanded.

In this paper, cracking strength and deformation as the important
structural index of limit states of a partially prestressed concrete member
with arbitrary concrete section considering creep and shrinkage of concrete
and relaxation of prestressing steel were analysed. The procedure of the
analysis was demonstrated by numerical example for multi-hollow slab bridge.

2. ANALYSIS

In order to obtain the cracking strength and deformation of partially

prestressed concrete considering prestress losses, structural behavior of
partially prestressed concrete as shown in Fig. 1 was devided to the fol-
lowing five load stages;
First stage : Just after applying sustainded load due to dead load and ini-
tial prestress, Second stage: Changes of stress, strain and curvature due
to prestress losses, Third stage: Decompression, Fourth stage: Just before
cracking, Fifth stage: Changes of strain and curvature after cracking. It
is assumed that a) plane cross section remains plane after loading, b)
Hooke's low is applicable every stage, c) concrete does not resist tensile
stress after cracking, and d) modulus of elasticity of prestressing steel
equal to non-prestressing steel.

2.1 STEPS OF ANALYSIS

1) First stage: Just after applying sustainded load due to dead load and
initial prestress

Equations for the axial strain eg; and the curvature ¢; in an ar-
bitrary concrete section subjected to a %ending moment M and an axial force
N at zero axis as shown in Fig. 1 a) are given
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Fig. 1 Five Load Stages of Partially Prestressed Concrete

fods = E e .[dA + E ¢, [yda = N (1)

JoydA = E e . [yda + E¢;[y?dA = M (2)

Egs. (1) and (2) can be rewritten as follows:

Jeoil_ 1 ¥ jN 3)
l"i ['W -G A IM ’

in which €,i 1S strain, ¢; is curvature, A is transformed area, G and I are
its first and second moment about a zero axis and Ec is elastic modulus of
concrete, respectively.

2) Second stage: Changes of stress, strain and curvature due to prestress
losses

The changes of stress of concrete, prestressing steel, non-
prestressing steel due to creep and shrinkage of concrete and relaxation of

prestressing steel were considered. The sum of the force increment in
the above three materials must be zero.
APC=—(APP+ AP)) (4)

in which, A is increment, P is axial force and subscript ¢, p and s are
concrete, prestressing and non-prestressing steel, respectively. The
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changes of strain in the concrete, prestressing and non-prestressing steel
at the centroid of total steel area must be compatible, thus,

Vo (1 + py) AP (Ao = Ao ) Ao
cp e PR - B
®sh * TE. T E o _2) E E (5
Cc C C s 8
in which ¢ is creep coefficient, Ac and Aos are stress increments in
prestressing and non-prestressing steel, Ac p 1s relaxation, is stress

due to sustainded load, p is aging coefficient depending on %he age of
concrete[1,2], is shrinkage and r —Ic/A
From Egs. (Z? and (5), AP, is given as follows:

AP =- rl"mcpl"st Es EshAst: * AcprA'P
nA
1+a—25(1+py)
A
c
in which n=E /E A= Ap+A Ap and A are area of prestressing and non-

prestressing steel.
Changes of strain Ae,, stress o and curvature A¢ due to prestress
losses are
APc APce
Ae = esh"eoiw * 5 Ec(l +py) Ay = ¢,y + Ic(i +py)

1

o = AP /A
o (&2 Cc
and the change of stress Acp in a layer of prestressing steel is
= + +
Aop ES(Aeo ypA¢) Aopr

3) Third stage: Decompression

As the stress of concrete for the state of decompression is given by
the stress of the second stage superimposed on that of the first stage,
axial force N, and bending moment M1 are calculated by referring to Fig. 1

c),
N,l - [A c] JUO‘[
M1I G I lY'I
Changes of strain Aeyq and curvature A¢q are written as follows:

Ae01= _001/Ec A¢l - _Y1/Ec
4) Fourth stage: Just before cracking

It is assumed that the cracks occur when the concrete stress of bottom
face reaches flexural tensile strength Ot The axial force Ny=-N; and
cracking moment Mcrz are applied on the concrete cross section of
decompression state. The concrete stress of bottom face due to axial
force N, and cracking moment Mopo is

Mcr2yb
I

L 2
OCC = _A +
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Consequently, the cracking moment in this stage is

N2 I

Hcr2 = (oct * A ) yb
Cracking moment can be obtained by superimposing moments calculated from

first stage to fourth stage.

5) Fifth stage: Changes of strain and curvature due to cracking

After decompression, axial force N2 and bending moment M =ML—M1 apply
on the concrete cross section of decompression state, in which My is bend-
ing moment due to live load. The beam can be analysed as an ordinary
reinforced concrete member subjected to an eccentric compression force N
with the distance e,=M /N These force N2 and moment M2 produce the
following changes oézstraln and curvature

| 1 [ I 'C] J"zl

A¢2I=W)— -G A IMZI

2.2 EQUILIBRIUM EQUATION

Equilibrium of axial force and bending moment are expressed as follows:
Nz=Cc+Cs--'1‘s--Tp 6)

M2=N2e2 @))

Eliminating N, from two Eqs. (6) and (7) and rewriting the equation to be
used for bisection method as follows:

f(b) =1 +nl > +nl +nl -b(G__ +nG > + nG +nG
xc xse xse xpe xc xse xse xpe

s 4 - ’
eZ{ch * nste * nste * npre b(Ac * nAs * nAs * nAp)} 8)

in which subscript xc is compressive concrete, xpe and xse are prestressing
and non-prestressing steel, prime denotes compression. By adapting
Gauss' integral to Eq. (8), the results are approximately calculated by the
linear integrals on the cross section of connected straight lines as shown
in Appendix[3].

2.3 DEFLECTION

The total strain and curvature are given by superposition of first,
second, third and fifth stages,

e =€ . + Ae + Ae + Ae
o oi o ol 02

¢

+
o, + 84 + A4, + B¢,
Assuming the prestressing tendon's profile in the beam is parabora,
the deflection at mid-span can be represented by the following equation,

5
max 48’L4>

in which 2 is length of span.
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3. NUMERICAL EXAMPLE

Cracking moment and deformations of multi-hollow slab bridge of span
length 20 m at one year illustrated in Fig. 2 were calculated. By giving
dimensions and physical characteristics of the materials used, numerical
results were obtained as shown in Table 1.
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Fig. 2 Cross Section of Hollow Slab Bridge
A, = 94 x 2.84 = 266.96 cm® Initial Prestress 28 x 35.5 = 994.0 tf
Ap = 28 x 6.0324 = 168.9072 cm®> p = 0.8 (at one year)
M, = 588.63 tf'm V= 2.0
-6
Ml = 368.13 tf'm €sh 200 x 10
E_ = 350000 kgf/cm? Aopr- 294.27 kgf/cm?
E, = 2100000 kgf/cm? 0 .= 40.0 kgf/cm?
Table 1 Numerical Results of Hollow Slab Bridge
Strain at Strain at| Strain at |Stress at|Stress at| Stress at
Staze | sero axis|Curvature |y bl e | botton face| zero axis| top face | bottom face
10-¢ 10°% cm~! 10-¢ 10-¢ kgf/cm? kgf/cm? kgf/cm?
1 -58.57 0.6968 -104.8 -21.22 -20.50 -36.69 -7.428
2 -274.0 2.056 -410.86 -163.8 5.804 -0.120 10.59
3 41.99 -0.9516 105.2 -9.020 14.69 36.81 -3.157
4 -41.21 1.364 -233.9 114.3 -14.42 -81.85 40.00
5 140.9 9.306 -477.1 639.7 49.31 -167.0 223.9

The cracking strength is 943.165 tfm and the deflection at the mid-
span due to full service load is 4.628 cm.

4. CONCLUSIONS

The cracking strength and deformation considering to time dependent
losses ‘were analysed in this study. The results obtained by this study
are summarized as follows:

1) Cracking strength and deflection of partially prestressed concrete with
arbitrary cross section were analysed and the computer program was
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developed.

2) Prestress loss at arbitrary time was easily calculated, since aging
coefficient was used in this analysis.

3) Initial prestress level designed for partially prestressed concrete can
be evaluated by the analytical results.
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APPENDIX

Gauss' integral

i 0

B = [fx"y"aa (A1)
_ n+1 i
= I-——z—~—— dx (A2)
n+1 I+1
Referring to Fig. 3,
Ayi
t=x-x;, y=y;* B, t (A3)
and substituting Eq. (A3) into (A2),
y. Y.
1 Ax. m i7i+
B el B H
Ay.
i n+1
(yi_+——Ax t) dt .‘l 1.
Ax,
L

) Fig. 3 Contour and Numbering of

y Arbitrary Concrete Section

- _
AHoo= —Z(x; 4y, = %;9;

Hoy = — - 2, 1 _
G =Ho= —T(x; , x My, " +— (541 yi)(yi+1+2yi)}
I =Hgp = 2 rx.  -x )1y, ® +——'—.—(y
x 0 3 iv1 - *0Vd 6

_ By, L —v.)3
i1 YD Ot 70

— 720 —



